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Recall the Perturbation  of Identity :

Thm Let ( X. Hall ) be a Banach
space ( i.  e . complete normed

space )
,

and I : X → X be  a continuous  map
 w/ Eko ) =  Yo

If 7- r >  O s . t . 81,3¥ ,

'
. BTXD → X has  the form

Io  = It E
,

where 2=24 : X → X is the identity map

and I :BrTx5  
→ X is  a  contraction  with constant 8 E l 0,2 )

then Io : Bird → Bios is  uniquely solvable with RHI - Hr

I  e . Hy E BRTYD
,

7- ! X C- BE at . Zafy



Q1 ) l HW 7
,

Q 4)

Show that sin Tix  +2×2=2.0012  is  solvable  near  x  =L
.

Sol :

Step I :

manipulate

the
equation to  the form Xt EH ) = Y

LX
,

It - It ) = HR
,

lil ) ;

define
-5412412 by -51×3 = Sinixt 2×2

Define To : IR → IR by Bad =If( x -11 )
,

then Iolo ) = I = :  Yo

By definition
,

BK )
=L( sink Htt ) t  2kt  15 )

= I sin Tix  t Iz  txt I = X +  Z Cx )
,

where ZHI = ¥ sinixt Katt

.

.

. Equivalently ,

we show  the solubility of Io C x ) = I  
+0.0003 hear  Xo- o

.

Step 2 : Determining the contractibility of ¥

Ink ) = ¥ sinixt XI + I ; Z' ( x ) = ¥ sin 21T  x  t X

! . V  r so
.

V z E BJJ
,

I Z'

tell
E (

¥1244-1121
) E HIt  I ) r

!
. V  x

, X

'

E BJJ
,

I Ex -

Zx
' I = I Intel Ix - x' I

,

I  2  E BID

EMEI
Dr ) Ix - x' I

.

'

. tf oars
= FEZ

,

E : BIT → IR is a  contraction
.



Step 3 : Apply the Theorem by choosing a  suitable r > o

j = ⇐ ti ) r : Rell - 8) r  = ( I - I II +2 ) r ) . r

Want to fix r > O set . It 0.0003 E BRITE
,  i.  e .

R > 0.0003

By trial and error
,

r=¥  will work :

Oars ¥72  and RX 0.0215 > 0.0003

.

'

. By the Them
,

ZCx3= I -10.0003 is solvable  near  Xo
-

- O

which implies 51×3=2.0012 is solvable  near  x  =L
.

- he



Q2 ) l HW 7,07 ) Show that the integral equation  over CE -

I
.

I ]

ylxk de
"

 - So
'

size y
'

Hide

is  solvable  near Yuko  for  sufficiently small d
.

Sol : Let IX. Hell ) = ( CE - I
,

IT
,

II.Has )
, following the steps  as  in QI :

Step I : ycxstfjstsh.IT y
'

Hide  = Lex

i .
Define I :X → X by flying = ycxstfjstsh.IT/3ltidt

then 8103=0 s  also 20=2+4
,

where Ilyas ) = fjstsn.IT ysltidt

Step 2 : Hr > o
,

thy
, , ya EET

,
Axe E- I

.
I ]

,

IZLY.HN
-

Elk
I

=/to Hilts - Yim dtl E So
'

Illy,  
-yall

.
llyityiktyiltsdt

S 321 Ily ,  
- yells .

'

.
When Ock Es .  then Z is  a  contraction

.

Step 3 : 8 = 31cL ; 12=11 - Hr  = ( I - 3¥ ) r

Since Hae
'

-

Ollas
-

Idle
. by the Theorem

,
when

12k¥
-

-

tell
-31 ) r

then the integral equation  is solvable on BIOT
,

where OC refs
.



Q 3) l HW 7. 0,8 ) Let A  = I dis ) be real nxn  matrix
,

(a) Show  that if ¥ .

Ais LL
,

then ITA  is  invertible
.

(b) Give an example which ÷ ai =L and ITA  is  singular .

Sol : la ) ( X
,

All ) = l IR
"

, ll.lk ) ; let Io : IR
"

→ IR
"

be defined as

BK ) = Xt Ax
,

then Blok Os Z  
= It E. where IK ) - Ax

Showing I is  a contraction : tf x. x
'

E IR
"

,

HEH- IHH
.

=HAH . x' IHz SHAH Hx - x' Ikflair ) Nx - x' He

.

'

.
Choose f- ¥.aiis I

,
I is  a  contraction on IR

"

.

.

i

. By the theorem
,

Vr > O
,

Zuko is uniquely solvable on BIO

Hence B is  uniquely solvable  on IR
"

.

As Blok O
,

tf  x  Elk
"

s .  -1 . Zuko
, X=o

,

ie . Ker Io  = I 03

Therefore
,

I + A  is  invertible
.

(b) Take n=2
,

A  =L - D
,

then ITA -

- to ) is  singular .


